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ABSTRACT
The reflection of short laser pulses from the ocean surface is
analyzed based on the spccular point theory of scattering. The expressions
for the averaged received signal, shot noise and speckle induced noise are
derived for a direct detection system. It is found that the reflected
laser pulses have an average shape closely related to the probability
density function associated with the surface profile. This result is
applied to estimate the mean sea level and Significant Wave Height from
the rw!eiver output of the laser altimeter.
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11. INTRODUCTION
In a previous paper by Gardner [1), the statistical charactwristics
of short laser pulses (pulse length less than 1 ca) that have been reflected
from the ground were studied. In this report, we extend the previous
results to the case where the reflections occur at the ocean surface instead
of from a ground target.
At near vertical incidence, the reflection of laser radiation from the
ocean is mainly accounted for by the scattering from specular points which
are randomly distributed on the ocean surface. If the laser pulse length
is short compared to the surface height variations, the reflected pulses
from the oc,%an will have an average shape related to the height probability
density of the specular points ar well as the overall probability density
of the height variations. Therefore; a short-pulse laser altimeter can be
used in the determination of sea states as well as the mean sea level.
Short-pulse satellite altimeters in the microwave range have been used
with good results in observing sea states [2], [3). For radar altimeters,
the transmitted pulse width is typically a few nanoseconds or longer, and
the antenna beam width is usually on the order of degrees. For laser
altimeters, the transmitted pulse width can be as short as tens of pico-
seconds, and the laser divergence angle can be as small as 10 urad. Because
of these significant differences in the transmitter parameters, previous
results oa the radar altimeter have to be examined before they are applied
to the laser altimeter.
In this report. we first derive the received signal in Chapter 2.
In Chapter 3, ocean surface statistics are discussed. The temporal
i2
mosiants of returned pulses are examined in Chapter 4. In Chapter S,
waveforms of the received signal are calculated using both Gaussian and
non-Gaussian ocean surface statistics. It is shown that, with costparable
parameters, our results for laser altimeters parallel those of radar
altimeters. Finally, in Chapter F, the affect of non-normal incidence is
considered.
2. RECEIVED SIGNAL
The geometry of the laser altimeter and ocean surface is illustrated
in Figure 1. The altitude of the altimeter measured from the scan sea
level is z. The 2-D surface profile is described by &(p), and its
corresponding slope in the s- and y-directions is denoted by E I (p) and
Y (p), respectively, where p is the horizontal position vector on the
ocean surface and is measured from the center of the laser footprint.
Initially, we assume that the laser pulse is incident normal to the mean
surface level. In Chapter 6, the effects of non-normal incidence are
discussed.
We first derive the mutual coherence function at the receiver plane.
The complex amplitude of the pulsed laser beam at the transmitting
telescope is
iw t
UT (r, t) - f (t) Yr) e o
	
(1)
where
f(t) - laser pulse amplitude
aT (r) - complex amplitude cross-section of the laser beam
w  - laser frequency
r - (x,y) - transverse coordinate vector.
Using the Fresnel diffraction formula, the field incident on the ocean
surface is
2	 k
Ui ( r ,z,t) - Ta /2 f t - c
z	2cz a
i (r,z) axp i wo t - koz - 2z 
r2
(2)
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Figure 1. Geometry of the laser altimeter and ocean surface for normal
incidence.
s^	 k	 2	 1
aiL,z) ads f d'P a T (^) axp -i s° 2 - r •^I	 (3)0	 1
T  is the intensity transmittAuce of the atmosphere, k  is the vanenumber
and a° is the wavelength of the laser radiation. Throughout this paper,
the spatial integrals are assumed to be evaluated over the entire plane.
In deriving Equation (2), we have assumed Char the rms laser pulse width
(o f ) and the area of the transmitting telescope (AT ) satisfy the condition
cc  >> 
AT
	
(4)
For near normal incidence, the reflection of laser light from the oca.in
surface is mainly accounted for by scattering from randomly distributed
specular points on the surface. Since the ocean surface is ver y rough on the
scale of the optical wavelength, the scattered power will be proportional to
the number of specular points illuminated and the scattering cross-sections
of specular points. According to the results of Kodis [4], each illuminated
specular point scatters like the tangent sphere whose radius is the geomet:•ic
mean of the two principal radii of the surface at the specular point. In
the optical region, the scattering cross section of a sphere with radius R
Is just wR2 ( S). Then, the reflected field in the plane immediately above
the ocean surface in given by
2E(r)
Us (r,z,t) - R(0)[vnlrarb1]1/2 tii r,z,t +	 c	 (S)
where
R(0) - Frasnel reflection coefficient for normal incidence
f(r) - surface elevation at r
Irarb I - absolute value of product of principal radii of curvature
at the specular point
n - number density of specular points at the point of reflection.
6I r a 
r b I can be w pressed in terms of the derivatives of the surface profile
C(R) as follows (6]
Irarbl
	
IE,M 
Eyy - Eiyl
	
(1 + E2 + E 2^,) 2	
(6)
where
E^ 31 E
ax2
EYy ay
Exy a 2a_^.
Equation (S) implies that when the incident field is reflected it is
reduced in amplitude and undergoes a propagation delay which is proportional
to the surface height distribution. Therefore, the field in the plane of
the receiving telescope is
	
iW t T	 k
U(r.z.t) - a(r.z.t) e °	
aaz aa
-p i w° t - 2ko z - 2z r2
o	 l
(	 2	 2E(^)
• J d2p, a i (p.z) R(0) (rnlrarb l J S f t - c z 	 +	 c
2r• exp -iko 
2z	
2E(p)	
z
	 (7)
In deriving Equation ( 7). the laser pulse width and receiver aperture
area AR are assumed to satisfy the condition
co f » sR
	 (8)
7Tht mutual coherenc,. function it defined as
Ja (—'1 " 
1 ; r2"t2) . <a(rl,s,tl) a
e 
tZ .s•t2)>	 (9)
where the angle bracket denotes cvpectation with respect to speckle and
the wicrostructure of the surface.
Under th. assuW tion that the ocaan surface is rough on the scale of
the optical wavelength and that the microstructure is unresolvable by the
receivia g telescope, we can first perform the expectation over speckle,
and Equation (9) becomes
k
Ja (r l , tl ;r 2 ,t 2 )	 Tas
-2
 1R (0)1 2n axp -i 2: (r1 - r2) f d2P.iai (_,1)I2
(1 + E 2 + E2 ) 2	 *
	
[ ko
IE	 Ex - E2 ( >f(t
1 f (t 2 -exp i ii o ( rl - r 2 ) (10)
	
xz TyxY	 L
where
2	 2C (p)
2s + 2-
c	 cs	 c
The expectation inside the integral in Equation (10) is with respect to
the number of scatterers and their scattering cross-sections. By using the
results of narrick [61 and taking into account the E dependence, we have
(1 + E 2 + E 2 ) 2
<n(P.E)	 x	 ^' v . ,r(1 + EX + Ey ) 2
 P(Ex .Ey JE(p))	 (12)
ItXx Eyy - Exy^
where p(Ex ,Ey JE) is the joint p-obability density function of E x and 
t 
at a given elevation E.
Since the ocean surface can ba iaicribed by the equation
(11)
f (X .Y. L ) • x - E(x. y ) • 0	 (13)
the surface normal at the specular point is n}:wined by taking the gradis
of the left side of Lquation (13)
nn - of - s - xEz - yE
Y
where x. y, s are unit vectors in the x-, y- and s-directions. and n is t
normal vector at the specular point. If we dot.-to the angle between the
(14
s-azis and local surface normal n' as A, then from Eq. ( li) and Figure 2 we
find that d is related to the surface slopes at the specular point by
tau 9 - (E 2
 + E21)1/2	
(15)
For beckscatter, A is also the incidence angle for the specular point.
Equation 1 15) implies that only those specular points which are tilted
so as to be normal to the incident wave are effective in contributing to
the received field. 'fins is not an unazpecttd result. Since a is also the
incidence angle, it can be related to the horizontal, position of the specular
{ jint o by
tan A - P
	
(16)
z
Note that we are assuming that E is measured Prow the center of the laser
footprint. By substituting Equations (12), (15) and (16) into Equation (10),
we obtain
r
Ja (r l ,t l ;r 2 ,t 2 ) - i2 z-2 amp[_i 
k 
2= (r 2 - r2) JA(0)12	 J 
d 2
2
•lai(p,z)l2 
1 + 2	 p(Ex'EYJE(Q)) f(t
l
 -  ) 1` * (t 2 - ^)
z
k
• exp i os p-(r l - r 2)	 (17)
We assume that the receiver field -of-view and interference filter are
adjusted so that all the signal energy which is incident on the telescope
f 
Surfac
Prof i le
Figure 2. Geometry of the surface normal of tAe specular point.
objective is focussed onto the photodetector. Therefore, the total
received signal power is given by
P(t) - 
1 
d 2 r W(r)Ia (r,z,t)1 2
where W(r) is an appropriate aperture weighting function. W(r) is equal to
one for r inside the aperture and zero otherwise. For direct detection,
the mean and covariance of the signal at the receiver output can be calculated
using Campbell's theorem [7]
E[s(t)] - hrl E[P(t)] * h(t)	 (19)
0
ra
C3 (t l' t 2 )	 hf I	 dt E[P(t)] h(t l - t) h(t 2 - t)
0
-a
f
r
+ h
o
- 2 	 dtl 
J	
dt 2 Cp (t l ^t 2 ) h(t l - t l ) h(t 2 -t 2
n is the efficiency of the receiver optics and detector, hf 0 is the energy
of one signal photon, h(t) is the impulse response of the receiver electronics,
and C  is the temporal covariance of the received signal power.
The variance of s(t) may be regarded as the signal induced noise. The
first term in Equation ( 20) is the quantum or shot noise component of the
covariance. The second term arises from the randomness of the scattering
cross-section, surface profile, and the speckle induced fluctuation.
Since the amplitude of the received field for a given realization of
the surface profile is a circular complex Gaussian process, the expected
value and covariance of P(t) can be written in terms of the mutual coherence
function of the received optical field.
E[P(t)I&I - j d2r Ja (r,t;r,t) W(r)	 (21)
10
(18)
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The unconditioned mean received power is obtained by taking the expectation
with respect to surface profile.
E[P(t)] - E(E[P(t)IE]]
2 2 r
ARTaL 2 1 R (0 ) 1 2 +^ f d ^lal (p,Z)1
2
 1 + P2 	
J 
dE P ( Ex.Ey^0
L
•I f(t - x)1 2
	
(22)
where p(Ex ,Ey ,E) is the joint probability density of EX, 
t  
and E.
By substituting Equation ( 22) into Equation ( 19), the mean waveform
at the receiver output can be expressed as
2
r	 2
E(s(t)] -	
tT2 z
-2 1R(0)1 2 n I d2^Jai (' Z)12 1 + p2
o	 ^	 z
2	 2E(p)
f
z
dE p (EX IEV ,E) g ( t - c -	
+	 c )	 (23)
where g(t) - If(t)1 2 * h(t) is the point target response of the laser
altimeter. In Equation (23), the integration over E is recognized to be
the convolution of altimeter point target response g with the joint
probability density function p(EX,Ey.E)•
The power covariance function of the received field is defined as
	
Cp (t l ,t 2) - E{P(t I ) P(t 2 )) - E { P(t 1 )) E {P(t 2 ))	 (24)
The first term in Equation ( 24) can be written i n terms of the amplitude
of the received field as
E{P(t 1 ) P(t2)}
f d2r1 
fd
2r 2 E(<a(r l , tl ) a*(r l , tl ) a(r 2't2 ) a*(r2It2 )>] W(r 1 ) W(r 2
 (25)
12
where the inner angle bracket is the expectation with respect to the speckle
and microstructure of the surface, and the outside expectation is with
respect to the surface profile E.
Using the properties of the circular complex Gaussian fields [8], the
expectation over speckle and microstructure is carried out and expressed
in terms of mutual coherence function
E{P(t l) P(t 2)}	 f d - l f d2r2 W(rl) W(r2) EIJa (rl ,t l ;r l , tl) Ja(r2.t2.r2.t2)
+ Iia(Eltl;r2•t2)12,
	
(26)
The expectation inside the integral is over the surface profile, which can
be written explicitly in terms of the probability distribution functions
of the surface profile. The first term in Equation (26) becomes
d2r1 
J 
d2 r 2
 W(r l) W(r 2) E^Ja (r l ,tl :rl ^ t l) Ja(r2.t2.r2.t2)l
22	 2 2
4 4
	 4 2 2
	
2	 2	 Z	 2	 01	 p2
Taz IR(0)I n At f d p 1 f d P2^ai(_1+z)^ ^J a i (P-2 . z)1 1+ 2	 1+ 2
Z	
z
• I
1 
d E l f dE 2 p(Ex 
1 
.Ey 
1 
ly P(Ex 2P & 
Y 
2 ly p(El(Pl).E2(P-2))
•If(t1 - tll) 2 if(t 2 - ^ 2 )I 2
	
(27)
where P(E 1 02), E2(P2)) is the joint probability density of surface heights
at o f and p2.
The second term in Equation (26) can be simplified by noting that the
mutual intensity function only depends on the difference coordinate (r 1 - r2).
rl + r2
	 _
By making the change of variables r - r l - r 2 and r^	 2	 in Equation (26),
the integration over r  can be carried out to give
L.-.- -- ---
13
f d'2 rl j d' 12 W(k) W(—r 2 ) E(IJa (—rl,tl:r2,t2)I21
1 
d 2 r RW (r) E(jJa L/2,t1 ;-r/2,t2 ) I 2 1
	(28)
where RW is the autocorrelation function of the receiver aperture
%(r) a 
f 
d P W(p) W(e + r)	 (29)
Notice that the maximum value of % occurs when r - 0 and is equal
to the aperture area. Normally, the diameter of the receiver aperture will
t
be large compared to the speckle correlation length [9). In this case,
RW (r) will be approximately constant over the important area of integration
so that Equation (28) can be approximated by
J d 2r RW(0) E[Ja(r/2,t1;-r/2,t2)I2]
Rw(0) 1 d 
2 
r E[IJa (r/2,t 1 ;-r/2,t 2 ) 1 2
]
	
(30)
The integration over r in Equation (30) can be easily evaluated. By taking
the expectation over E, we have
Rw (0) J d 2r E[IJa (r/2,tl;-r/2,t2)12]
2 4
XoT4z-2IR(0)I4 r2AR J d R Ia i (P.t)I 4 1 +	 J dE P 2 (Ex ,&y IE) P(C)o a
	
z
• I f (t 1 - W 2 I f (t 2 - *) 1 2	 ( 31)
Finally, the power covariance function of the received field can be
obtained by substituting Equations (22), (27) and (31) into Equation (24)
14
	
C t t = a 2T4 z-2 R O 4 ^2 ( 2	 4	
+ ^2 4
p ( 1' 2 ) 	o a	 I ()I	 !	 J d ^I ai (^ ' = )I	 1	 2
z
• f dE P 2 (EX ,Ey IE) P( E) If( t1 - 4#)I2 If(t 2 - x)12
+ Tiz-4 IR(0)I 4 r2AR I d P-1 J d p2lai(pl,z)^2lai(P-2.z)I2
2 2	 2 2 1
1 
+ z2 1 + z2	 f dEl f dE2 I f(t1 - ^1) I2 If(t2 - *2)I2
• [P(Ex .Ey ( E1 ) P( Ex 1Ey I E 2 ) P(E 1 1E 2) - P(Ex ,E IE 1) P(Ex ' E .E2)]
1	 1	 2	 2	 1 yl 	 2 y2
(32)
The covariance of the output signal is obtained by substituting Equations (22)
and (32) into Eq,
Cs (tilt 2)	
IRo.
• J dE
cation (20)
j
T 2 Z-2 IR(0)I 2 ,rAR J d 2pla i (P,z)I 2
 1 + 
212
z1
m
P(Ex .Ey .E) f dTlf(T	 12 h(t 1 - t) h(t 2 - T)
+ hf 2 X2Taz 
2IR(0)I4 
rr 2AR f d 2^Ia i (_,z)I 4 1 + p2 4 f dE
o	 z
• P 2 (Ex ,Ey IE) PM g(t 1 - 0 g(t 2 - 0
2
+	 Taz-4IR(0)I4 12 AR f d 2p1 f d20 I ai (pl,z)I2 I ai(^2^z)I 2
0
	
2 2	 2 2
• 1 + 2 	 1 + 
z2	
f dE1 f dE2 g(t 1 - ^y 1 ) g(t 2 - ^Y2)
'IP(E . Ey IE 1) P(EX .E	 IE 2 ) P(E 1 9E 2 ) - P(Ex .E	 .E )
xl 	 1	 2 y 2	 1 y l 1
P(Ex2 ,Ey 
2 
.E 2 )]	 (33)
m.
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3. OCEAN SURFACE STATISTICS
The wave height at any given point on the ocean surface is the resultant
of many wave components that have been generated by the wind in different
regions and have propagated to the point of observation. Since the inter-
actions between each wave component are weak (10), their motions are assumed
to be weakly correlated. Therefore, under the central-limit theorem, we
expect the distribution of wave height to approach a Gaussian.
The first approximation to the distribution of wave height is then
2
p (E) - (2ffa2)
-1/2 
exp - —L	 (34)
2a 2
where a & is the rms wave height.
Significant Wave Height, SWH, is defined as the average of heights
(from crest to trough) of the one-third-higheat waves observed at a point.
It is approximately equal to 4 times the rms wave height of the ocean
surface (3).
SWH - 4 a^	 (35)
The rms wave height can be related to the wind speed by integrating
the Phillips' wind-wave-height spectrum (11]
a E - 0.016 W2 meter	 (36)
where W is the averaged wind speed in meters per second measured at
12.5 meters above the sea level.
The first approximation to the joint distribution of the wave slopes
is also Gaussian (12]
16
Ex + ^2
P(Ex1^y)
	
1 
2 exp - — 2 Y	 (37)
WS S
where S 2 is the mean square value of the total slope, defined as
S 2 . <&X> + q 2>	 (38)
An empirical relationship between S 2 and wind speed is given by Cox and
Munk (131 as
S 2 n 0.003 + 0.00512 W
	
(39)
where W is in meters per second and S is dimensionless. However, the actual
surface profile cannot be an exact Gaussian for two reasons. First, the
wave height can never go to infinity. Second, due to the presence of weak
nonlinear interactions between wave components, the actual ocean surface is
not symetric about the mean, as predicted by a Gaussian distribution. This
is born out by the observation that, on the ocean surface, wave crests tend
to be relatively high and sharp, while the wave troughs are comparatively
smooth and shallow. Mathematically, this fact could be taken into account by
including higher-order terms containing skewness and kurtosis in the probability
density functions given by Equations (34) and (37).
It is simple to show that surface elevation and surface slopes are
uncorrelated at the sane *mint. Therefore, if a Gaussian surface profile
is assumed, the surface elevation and slope are independent. Thus, the
joint density function of surface height and slopes can be factored as
P(E,Ex I &y) - P(Ex I&y) PM	 (40)
17
One important implication of Equation (40) is that the scattering cross-
section will be the same from wave crest to wave trough, independent of E.
But, the experimental results obtained by Yaplea at al. (141 for a 1 GHs,
1-ns pulsed radar indicated an approximately linear increase of scattering
cross-section from wave crest to wave trough. On the other hand, experimental
results obtained in the optical range, using N 2 , YAG and CO 2 lasers, indicate
that maximum reflection may occur at the wave crest ( 151. Therefore, the mean
sea level "seen" by the altimeter would be different from the true sea level.
Jackson ( 16] derived the expression for the j oint probability density
function of wave height and slope, which takes into account the non-Gaussian
behavior of the yea waves. His result is the following
E2
	
p(Ex .E) - (2n(aE`Ex>)]-1 exp - 2 2 +	 2
aE q2>
2
• 1 + 63 ^ - 9 Q + 6 Q Ex 2
	
x	
(41)
o f	 E	 E <E>
where a 3 is the skewness coefficient which is defined by
a 3 -
 <
& 3
 3>	 (42)
of
In arriving at Equation (41), Jackson assumed a long crested or
corrugated sea surface and made use of the one -dimensional Phillips'
saturated wave number spectrum. However, Equation (41) does not include
the effect of capillary waves, whose statistics are still uncertain.
i
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Capillary waves are waves with wavelengths less than approximately 1.7 ca.
They will not be seen by a radar altimeter with wavelengths of 10 ca or
larger, but will be seen by the laser altimeter. Therefore, the validity of
Equation (41) in the optical range ramains questionable. In the absence of
a more accurate expression, we make use of Equation ( 39) in some derivations,
keeping in mind that the actual skewness terms could be different in both
magnitude and sign.
For vertical incidence, we need the expression for p ( &x ,&y , &) evaluated
at Er a Ey a 0. Although the expression for p (& x ,E) alone is not enough for
us to obtain the general expression for p(Ex,&y,&), it does allow us to
obtain the desired expression for p(0,0,E). By substituting S 2 for <&2>
X
in Equation (41), and evaluating at 
&x 
0 0, we have
	
2	 a	 3
p ( 0 ,0,&) - [(21r 3) S2Q2^- exp - 1 €- 1 + 3 ^ 2 - 9 ^—	 (43)E	 2 
a^	
6 
a^	
o^ J
Lquation (43) is very similar to the marginal distribution of wave height
with the skewness tern included
2	 a	 3
P M - ( 2,r a 2 ) -h ex -p ^-- 1 + 3 33 - 3 ^—
E	 2oE	 6 c3
	 °E
It will be shown that, if Equation ( 43) is used in Equation (23) for the
returned signal, the seen sea level seen by the altimeter is biased by
the amount A 3 a V With the inherent high accuracy of laser a'timeters, this
bias is significant, and should be considered in the processing of received
(44)
signals.
19
4. TMIPORAL M MENTS OF THE RECEIVED SIGNAL
In this chapter, temporal moments of the received signal are derived.
For simplicity, *% assume the surface profile is Gaussian, so that we
can use Rquation (40) to factor the joint density of surface slopes and
elevation.
The temporal moments of the received signal are related to the statistics
of the ocean surface profile. The k th-order moment is defined as
mk 	I	 dt tkS(t)
	
(45)
The geroth-order moment, m0 , is proportional to the total received
signal energy. The expected value of m0 is calculated using Equations (23)
and (40)
<m > a <N> G	 (46)
0
where
<N> W rl 8r 
Q 
T2AR 
Z-2	 (47)
0
	
G	 dt h(t)	 (48)
	
Q	
J 
d 2P- la i (p,$)1 2	dtlf(t)12	 (49)
2 2
	8 r	Q-1 IR (o)^ 2 +^ f d 2P- Ia i (P-.Z)1 2 1 + 2	 p (CX ,&	 J	 dtlf(t)12
Z	 (50)
<N> is the expected number of detected signal photons per received pulse.
G is the gain of the recei •ier electronics, Q is the total energy transmitted
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per laser pulse, and B r is the equivalent power reflection coefficient of
the entire laser footprint. Generally, 
6r is a function of the sea state
within the laser footprint.
To compute the statistics of the temporal moments, it is convenient
to "press the wean and covariance of the receiver output in terns of
<no>. From Equations (23), (33) and (46), we obtain
E(s(t)) - <N> 
f 
d 
2 
p b 2 (p.$) f dE P(E) g (t - 0)	 (51)
C a (t l ,t 2 ) - <N> J d 2 p b 2 (p,z) J dE P(E) F dTIf(t - 4,)j 2 h(t 1 - T) 11(t 2 - T)
+ <N>2 k;l f d 2p b 4 (p.z) f dE P(E) g(t l
 - ^+) g([2
+ <N> 2 f d Pl f d2p2 b 2 (el
,$) b 2 (p2 .$) f dE l f dE2(P(E1.E2)
- 
P(& 
1 ) NY) g (t l - Y g(t 2 - 0 2 )	 (52)
where
2 n
bn (p.z) - la i (p.$)i n 1 + p2	 pn/ 2 (Ex .EY )/ f d2oIai(p.z)1h
2 n
1 + 2
	
P
n/2 (Ex .EY )	 (53)
2	 2	 2f	
2 2	
2
K9 - Alt(^os) 	J d p^a i (p.$)^ I1 + 22 P(EX.EY)
	l 	 s
2 4	 -1
	
J
d2pja i (p , $ ) j4 1 + 2	 P2(Ex.EY)
s
(54)
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Tor n - 2, b 2 (P-,z) is the normalized effective cross -section of the laser
beam. Ka is the ratio of the receiver aperture area to the speckle
correlation area. The speckle correlation area is inversely proportional
to the area of the laser footprint. Typically, Ka is much greater than
one (9).
We are primarily interested in the normalized moments
ak . 
1	
dt t  S(t)/	 dt S(t)	 (55)
0
­n	
T a
If we assume the fluctuations in S(t) due to shot noise and speckle
are small, the mean of ak/% can be written as (1)
E ^ _ csk>
m	 <m >	 (56)
0	 0
where
<%> a 
F 
dt t  E(S(t))
	
(57)
^.
The variance of a0 is
Var(a0 )	 I	 dt l r dt 2 Ca (t;. t 2 )	 (58)
1	 ^
By substituting Equation (52) into Equation ( 58) and carrying <n,t the
in:sirations, ve obtain
Var(m0 )	 CN> G2 + <r.' C 2 K:1
	
(59)
The first-order normalized moment is the time delay between the firing
of the laser pulse and the centroid of the received pulse. This delay
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can be used to estimate the altitud3 of the altimeter above the su level.
If we denote the received signal time delay by Ta , than the expected delay
can be written as
a
<T> aE- 	 (60)
s
by using Equation (56). Equation (58) can be evaluated to give
<Ta > '	 d _ b 2 (Q.z) J dE P(E) 9	 (61)
Using the expression in Equation (9) for *, Equation (59) can be sionlified
2
<T > . 2z + a r + 2<E>	 (62)
s	 c	 cz	 c
where
a= ' J d2P 0 2b 2 (P. z)	 (63)
For Gaussian surface profile, < E > - 0. It will be shown later that
if the non-Gaussian nature of the surface prof ile is taken into account. a
term proportional to the skewness coefficient is added to the right side of
Equation (62). The axpacted delay given in Equation (62) is composed of two
terse. z is the altitude of the altimeter measured from ocean ooa level.
Therefore. 2z .-presents the round-trip propagation delay along a line norswl
to the surface. a  is the rus width of the affective laser footprint seen by
a
the receiver aperttre. 'rho tors 
cz
 represents the additional propagation delay
resulting from the curvature of the diverging laser beau.
The mean-square width of tha received pulsc is
a 2	dt(t - Ta ) 2 S(t) /I
1
	dt S(t)	 (64)
The expected value of the pulse width can be calculated to give
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E(as j a oh + of+	 4` a2 + (cz)-2 
J 
d 2^(P 2 - a2)2 b2(^,z)	 (65)
C
where ah is the mean-square width of h(t), of is 	 the mean-square width of
the transmitted lag er pulse (If1 2 ), and aE is the variance of the ocean
surface profile. a  and ofi n Equation (65) can be computed from the known
parameters of the altimeter. Both the third term and the last term depend
on the sea states within the footprint. Therefore, the width of the received
pulse can be used to obtain information about ocean surface conditions.
This is discussed in detail in the next chapter.
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S. WAVEFORM OF THE RECEIVED SIGNAL
The laser cross-section and waveform of the transmitted laser pulse
i	 are assumed to be Gaussian in shape
^	 2
1ai^P,z)I2	
Eo [2nai (z)J
-1 exp 	 (66)
2ai(z)
If(t)12 ' (2naf)-1/2 exp - t
2 2	 (67)
2af
where E  is the total energy of the transmitted laser pulse, and c i (z) is
the rms width of the transmitting laser cross section. a i (z) is related
to the divergence angle of the transmitted laser beam A T
 and the altitude
of the altimeter z by
o i M z tan 
eT
	 (68)
In addition, the response of the receiver is assumed to be given by
2
h(t) - G(2na 2 ) -1/2 exp - t 2	 (69)
2ah
where G is the gain of the receiver.
The point target or impulse response of the altimeter, defined
previously as g(t) - If(t)1 2 * h ( t), can be expressed explicitly by
using Equations (65) and (67)
2
g (t) - G(2na
9
) -1/2
 exp - t
2	
(70)
2a
9
where
o 2	ah + of(71)
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If Gaussian surface statistics are assumed, we can substitute
Equations (34), (37), (66) and (70) into Equation (23) and carry out
the integration. The result is
2 2 2
E((S(t)1 - <N> cs *xp a c : - cz It - 2sl
4ro 2	 Sot	 tar (11	 c J
	• 1 - erf 'acs _ 1 It _ c:l	 (72)
4a	 ra l
	
JJ
r
where
2
`N> - h—f 2 tar 2	 IR(o)I2 AR z-2 Ta	 (73)
o s z tan 8T
2a = c2 
a E + ag	 (74)
a 2 ' 2z 2 (tan 0 -2 + 2S-2 ) -1	 (75)
and erf(-) is the error function.
In arriving at Equation (72), we have made use of the fact that
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1 + 2 = 1 within the laser footprint. The justification behind this
x	 2
is that the maximum value of 2 is tang 9T , and 
eT 
is on the order of
z
10-3 radians or smaller for atypical laser altimeter.
Equation (72) is found to be of the same form as the results obtained
by Fedor eL al. (31 and Hamsrond at al. (171 for radar altimeters.
Equation (72) is pltcted in Fig. 3 through Fig. 7 for different sets
of altimeter parameters and various sea states. It is observed that, for
a beam divergence angle 10 -2
 radians or larger, the received waveform is
8T
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highly asymmetrical, and the figures obtained are similar to those obtained
for radar altimeters (3), 1171. In this case, the rise time of the leading
edge of the received pulse can be used to inter the roughness of the ocean
surface, but the trailing edge of the received pulse is relatively insen-
sitive to sea states [sae Ref. 31.
For a beam divergence angle 10-3 radians or smaller, which is typical
for a laser altimeter, the received waveform is found to be nearly
Gaussian in shape. In this case, the centroid and rms width of the
received pulse are easily identified. The expected delay, given in
Equation (62) , is
<Ts> ^_ + (tan 2 9T + 2S-2) -1
	
(76)
where S is the mean square value of the total slopes, defined previously
in Equation (37). Equation ( 76) differs from the previous result for
reflections from the ground target [ 1) by the presence of the S-2 term.
Ground reflections are primarily diffuse, and the reflectivity of the
target is more or less uniform within the laser footprint. On the other
hand, reflections from the water surface depend on the occurrence of
specular points which satisfy the required slopes. From Equations (15) and
(16), we see that the surface slopes required for the contributing specular
points are larger for points further away from the center of the laser
footprint. Since the occurrence of specular points with large surface
slopes is less probable than that with small surface slopes, the effective
reflectivity associated with the edge area is smaller than the reflectivity of
the center area of the footprint. Therefore, upon reflection from the ocean
surface, the laser cross-section is modified by the distribution of surface
slopes. The S-2 term in Equation ( 76) accounts for this modification. The
mean square width of the received pulse is obtained from Equation (65)
t
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2	 ^
E[a2 ]	 ah + of + 42 aE + 
`2 (tan 
2 
8T + 2s-2 ) -2	 (77)
c	 c
If 8T is on the order of 10'.3 radians or smaller, the last tarn in
2
Equation (75) will be approximately equal to 42 tan4 8T , independent of
c
the sea state. Therefore, an astimato of a^, which is the variance of
2
^•tirface height can be obtained, since ah, of and 42	 tan4 
eT 
are all
c
known parameters of the altiaater.
Next, we take into account the non-Gaussian nature of the ocean
surface. Since we are considering normal incidence, and the divergence
angle of the laser beam is vary narrow, the specular points that contribute
to the received field will be those facing upwards or with zero slopes.
Hence, we car. approximate p(C X ,&y ,&) in Equation (23) by
p (cX ICy , ^) = P(0,0,E)
	
(78)
By using Equation (43) for p(0,0,&), and substituting into Equation (23) for
the expected received signal, the integration can be evaluated numerically.
The results are shown in Figure 8 to Figure 10 for different values of the
skewness coefficient.
The mean pulse delay and mean square pulse width in this case are
I Ts> - cz + z tang 
eT 
+ Z a 3 a^	 (79)
2
E[ae)	 ah + of + 42 tan4 
eT 
+ 42 a? ( 1 - a 3)	 (80)
c	 c
where a 3 is the skewness coefficie.. .! defined previously in Equation (41).
Jackson ( 161 pointed out that the value of a 3 depends on the wave age
and the dominant wave length. Developing seas have a greater skewness
value, while old seas and swell exhibit smaller-than-equilibrium skewness
vali-es. The equilibrium value of a 3 is about 0.2.
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Comparing Equation (79) with Equation (76), we find there is bias in
the mean of the altimeter output. In terms of altitude, the mount of
bias is A 3 CTV which is about 20% of the rms wave height, a significant amount
considering the accuracy of the laser altimeter.
By comparing Fquation (000) with (77) for the mean square pulse width,
the difference is found to he about 4% of the mean square roughness a.. We
1
conclude the actual value of A 3 is irpirtant in estimating the altitude,
but is less critical if only the sea surface roughness is Lo be extracted
from the received pulse width.
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6. NON-NORMAL INCIDENCE
For the analysis in the previous sections, the laser altimeter was
assur-?d t,-) be pointed at nadir. If the nadir angle is small so that the
shadowing Effects can be neglected, the results of the previous section can
r.
be easily modified to include the effects of the nadir angle. The system
geometry is illustrated in Figure 11. The expressions for the means and
variances of .7' received pulse delay and width involve 2-D integrations
over the ? - (x,y) coordinates, which are transverse to the direction of
propagation. For the geometry in Figure 11, we have chosen the nadir angle
so that the propagation axis is normal to the y-axis and intersects the
x-axis at the angle n/2 - ^. In order to apply the results of the previous
section, we need to determine the apparent altitude z' and apparent surface
profile ^' for the nadir pointing angle in terms of the actual altitude z
and profile ^. From simple geometrical considerations, we have
z' =
	
	
z	 (81)
cos m
^'(p)	 x tan 0 + cos
	
(82)
x' =
	
	 x	 + ^(p') tan	 (83)CC
Y , - y	 (84)
Again, the divergence angle of the laser beam is small, so that the
following equation holds for the contributing specular points
1)( 1, x ,Fy ^) = p(tan ^,0• 1,)	 (85)
W _	 _ . .
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Figure 11. Geometry of the laser altimeter and ocean surface for non-normal
incidence.
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By modifying Equation (41) into the joint density function of surface
slopes and elevation evaluated at E x ' tan	 Cy a 0, we have
2 tang
P(tan v,O,E)	 ((2n3 1/2 2)	 S v 2E1-1/2 axp - 12 2 +	 2
	
aE	
S
• 1+633- 9 Q +6 
a 2 tang
v E	 E	 E	 s
2
In Equation (86), we have assumed that <E x> - <E 
y
2 > a ?. Using
Equations (66), (70) and (86), the expected delay and mean square width
of the received pulse are calculated
2
<Ts >	 c cos 0 + c cos ^ tan 8T + c cos 0 °E ^3 1 - 2 ts2	 (87)
2
E(a 2 ] W ah + of + 24z 2
	
tan  8T
c cos m
2
	+ 2 4vE2	
1 - X3 1 - 2 ta2 	
2 + 2 4122
	
tang 8T tan  0
c cos m	 S	 c cos 0
(88)
From Equation (87), we find that the non-zero nadir angle has increased
the mean delay time by the factor (cos m ) -1 . For the mean square pulse
width in Equation (88), the last term is the extra spreading due to the tilt
of the altimeter. The origin of this term could be seen from Equation (82),
where the tilt introduces a linear Lean into the effective profile.
The pulse spreading due to non-normal incidence will be significant
if the magnitude of z tan 8 T tan v is comparable to the rms wave height aE,
F
(86)
it
11 "S M lop
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because ambiguity will then arise in determining Q E from the received pulse
width. It appeare that the affect of the non-zero nadir angle can be
minimized by decreasing the beam divergence angle 9 T ; however, as pointed
out by Gardner [1), this is achieved at the cost of higher speckle induced
noise.
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7. CONCLUSIONS
In previous chapters, we have shown that a short pulse laser altimeter
can be used in the determination of mean sea level and sea states. Since
• much narrower pulse width can be transmitted by a laser altimeter than by
• radar altimeter, the inherent resolution of the laser altimeter is clearly
higher. We point out that to fully achieve the high accuracy promised by a
laser altimeter further research on the statistical properties of capillary
waves and their interactions with optical radiation has to be done. Also,
on the true sea surface, whitecaps and foam patches begin to form as wind
speed increases. Foam patches and whitecaps contain sprays and bubbles
that cause scattering which is not easy to analyze theoretically; their
effects on the received signal may or may not be significant, and should
be determined by future experimental work.
Results of Chapter 6 indicate that nadir angle effects enter the
estimates of both the mean sea level and SWH. When the altimeter is at
orbital altitudes, it is necessary to measure the nadir angle to a high
degree of accuracy, since an error on the order of milliradians can cause
erroneous estimates of the mean sea level and SWH.
E
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